9.2, 9.3 WS/Quiz solutions

1 Problem 1

1. Find the following limits:

(a) lim, o0 % (b) limg 00 (2k)3/%  (¢) limy,_y00 7 tan(m/n)

(a) limy,— 00 % = lim,, 0o %Zz = 3/4 since lim, 00 5/n = 0 = lim,, o 2/n. We also could have
applied L’Hopital’s rule twice to the form oco/oc.

(b) limg_, 00 (2k)3/*: Note that limg 00 21/% = 1 = limg_, 0 k'/* from our examples, so

lim (2k)Y* = lim 2Y% . Yk =1 = lim 2Y/%. lim k'/*

k—o0 k—o0 k—oco k— o0
by properties of finite limits. Then, since (2k)3/* = (21/% . k1/*)3 again by properties of finite limits, we

have
lim (2k)%/*% = (lim 2Y/% . kV/F)¥E =13 =1

k—o0 k—o0

(¢) limy, 00 ntan(mw/n): here we have an indeterminate form oco-0. We can use a trick here with the fact
that lim,_o sin(z)/z = 1:

Jim ntan(m/n) = lim tanl(;;/m = m v
o T sin(m/n) (2)

n=oo m/n.- cos(m/n)

= J}go sin(m)/m - nh_}I{.lo 7/ cos(m/n) (3)
=l-n/l=mx (4)

Where we multiplied by 7/7 = 1 in the limit to go from (1)— (2). We could have tried using L'Hopital’s

rule for 0/0 on mnl(/# but it would get hairy.

2 Problem 2
2. Letag = 1,0 =1+1/3, a2 =1+1/3+1/9, a3 =1+1/3+1/94 1/27, and so on. For an ar-

bitrary positive integer n, write down the formula for a,. Then find lim, . a, (hint: use the formula
L—r" =1 +7r+7r2+...+7") (1 —7r) for real 7 and for n = 1,2,3,..).

Note that we have ag = 1+ (1/3)+(1/3)2,a3 = 1+(1/3)+(1/3)2+(1/3)3, 50 ap, = 1+(1/3) +...+(1/3)™.
Then, by the formula
1—(1/3)" " = (1+ (1/3) + ... + (1/3)")(1 — (1/3)) = a,, - 2/3
we have a, = 3/2(1 — (1/3)"*1). Since lim,, . (1/3)" = 0, we have that

: . H _ n+ly _
nh_)rrgcan—nh_}rr;o?)ﬂ(l (1/3)" ") =3/2



3 Problem 3

You deposit $100 in a savings account that pays 5% interest compounded annually. Thus after 1 year there
is the original $100 plus the interest 100(0.05) dollars in the account, that is, there are 1004 100(0.05) dollars
in the account.

(a) Show that after 2 years there are 100(1 + 0.05)? dollars in the account.

Let Y7 be the amount in the account after one year, so Y3 = 100+ 100(0.05). The amount in the account
after 2 years, Y5, is the amount from Y7 plus 5% of that amount, i.e. 5% of Y7 = 100 + 100(0.05), which is
0.05(100 + 100(0.05)). Then we have

Ut

Py
—_— — — — —

Yz = Y1 +0.05 - Y3 = 100 + 100(0.05) + 0.05(100 + 100(0.05))
=100 + 100(0.05) + 100(0.05) + 100(0.05)?
=100 + 2 - 100(0.05) + 100(0.05)?
= 100(1 4 2(0.05) + 0.05%)
=100(1 + 0.05)?

=)

and we’re done.

(b) Let n be an arbitrary positive integer. Find a formula for the amount in the account after n years.

Well, in general, the amount Y,, in the account after n years is the amount in the account from the
previous year (i.e. after n — 1 years) plus 5% interest of that amount. Thus

Y, =Y 1 4 0.05Y,_1 =Y, _(1.05).

Since
Yo 1 = Y,_»(1.05),

we have
Y, = Yn_1(105) = Yn_2(1.05)2,

and in general ‘
Y, =Y,_;(1.05)

for any ¢ < n. For i = n, then, we have Y;, = Y5(1.05)", where Yy = 100 is the initial amount in the account.

Thus a formula for the amount in the account after n years is

Y, = 100(1.05)".

(¢) Determine how many years it would take for the amount in the account to reach $200.



We need to find the first year that Y, > 200, i.e. find n so that 100(1.05)™ > 200, so (1.05)™ > 2.
Since In is an increasing function, we have In(1.05") > In2, so n1n(1.05) > In2. Then
n >1n2/In(1.05) ~ 14.2.

Since n is an integer, we’ll have n = 15 years is the first year the account will reach $200.

4 Problem 4

When a superball is dropped onto a hardwood floor, it bounces up to approximately 80% of its original
height. Suppose that the ball is dropped initially from a height of 5m above the floor, and let b, = the
maximum height of the n’th bounce.

(a) Evaluate by, bo, bs.

The max height of the first bounce, by, will be 80% of 5m, i.e. by = 0.8 -5 = 4 meters.

The max height of the second bounce, by, will be 80% of the max height of the first bounce. Thus
bo =0.8-b; =0.8-4 = 3.2 meters

Similarly, b3 = 0.8 - b2 = 0.8 - 3.2 = 2.4 meters.
(b) Prove that lim,, o b, =0

Note that
by =08-b,_1 =0.8-(08-b,_2)=08%-b,_o=..=08"h=08"-5

so limy, o0 b, = lim,, o 0.8™ - 5. Note lim,,_,,, 0.8" = 0 since 0.8 < 1, and lim, ., 5 = 5. Thus
limy, 00 0.8™ - 5 = limy, 00 0.8™ - limy, oo 5 = 0 - 5 = 0 by properties of finite limits. Thus lim,,_,, b, = 0.

5 Problem 5
(a) Suppose that lim, o a, = L. Tell in a complete sentence why lim, oo apt1 = L

(b) Suppose that lim,,_,o, a, = 3. Is it necessarily true that lim, % = 1?7 Explain why it is true,
or why it is not necessarily true (hint: do we know lim,, o 3=7)

(¢) Suppose lim,,_, a, = 0 and lim,, o b, = m. Prove that lim,_, o anb, = 0.
(a) Suppose that lim,,_,o a, = L. Tell in a complete sentence why lim, ,eo ap+1 = L

Note that the sequence {an+1}n>1 is a2, as, ..., which is {a, }»>1 without the first term: so

lim ap4; = lim a, =L
n—o0 n—oo



since the limit does not depend on the first term of the sequence a;.

(b) Suppose that lim, o an, = 3. Is it necessarily true that lim, o “2* = 1?7 Explain why it is true,
or why it is not necessarily true (hint: do we know lim,, o 3=7)

It is true since if lim,_, a, and lim, ., b, # 0 both are finite, lim,_ Z—: = hrrﬁ:‘:iz?z Since
lim,, 0 an, = 3 # 0, this property of finite limits applies:

lim Ap41 _ 11mn—>oo Ap41 _ 3/3 -1

n—0oo  Op lim,, 0 an

(¢) Suppose lim,,_,~ a, = 0 and lim,,—, o b, = 7. Prove that lim,,_,, a,b, = 0.

Again, by properties of finite limits, if lim,, o, a, = 0, lim,,_,, b, = 7, then

lim a,b, = lim a, - lim b, =0-7 =0.
n—oo n—oo n—oo

6 Problem 6

(a) Show that

n+1 1 nq
ln(n—i-l)—lnnz/ fdt—/ —dt (10)
1 t 1t
n+1
1 1
:/ S dt> (11)
n t n+1

Note that for any integral,
b
(max f@)b = a) > (z) / (@) do > (min f(@) - (b= a)

since an integral represents the area under the graph of f: the area of the rectangle determined by the
minimum value of f on [a,b] and the length (b — a) of [a,b] is smaller than this total area.

Thus

n+1
/ zdtz([minl]l/t)-(n—i—l—n):1/(n+1)
n n,n+

since 1/t is a decreasing function on (0, 00).

b) Let a, =1+ 2+ ...+ L —Innforn=1,2,.... Use (a) to show {a,}>, is a decreasing sequence
2 n n=1

(hint: show a,, — anp41 > 0).

We show a,, — a,+1 > 0. Note

ap—ant1 = [1+1/24...+1/n—Ilnn|—[14+1/24+...41/n+1/(n+1)—In(n+1)] = In(n+1)—In(n)—1/(n+1).



We just showed In(n 4+ 1) — In(n) > 1/(n + 1), so we have In(n + 1) — In(n) — 1/(n + 1) > 0. Thus
Gp — Gp+1 > 0, 80 ay > apyq and {an}nzl is a decreasing sequence.

(c) Using the left sum of flnﬂ 1 dt with partition {1,2,...,n 4+ 1}, show that 1+ 2 4+ ...+ 2 > In(n + 1).

The left sum of f: f dz on the partition (a = ag, ...,an, =) is f(ag)(a1 —ag) + ... + f(an—1)(an — an—1),
so the left sum of [ L dt is

(/D2 -1)+(1/2)3-2)+ ..+ (I/n)(n+1-n)=1+1/2+..+1/n

Also note that the left sum of a decreasing function is greater than the integral of the function on the
interval (ag, ay). Thus, since 1/t is decreasing on (0,00), we have

n+1
1—|—1/2—|—...+(1/n)2/ 1t dt = [ f]7* =In(n+1) — In1 = ln(n + 1)
1

Thus 1+1/2+...41/n > In(n + 1) and we're done.
(d) Use (c) and the definition of a,, to show that a, > 0 for all n.

Note a, =141/24 ...+ 1/n—1Inn and since 1 +1/2+4 ... + 1/n > In(n + 1), we have

1+1/2+...+1/n—In(n+1)>0

Note also that the natural logarithm is an increasing function, In(n + 1) > Inn for all integers n > 0.
Thus a, =14+1/2+..+1/n—lnn>1+1/2+ ...+ 1/n—1In(n+1) > 0, so a, is positive for all n.

(e) Use (b) and (d) to show that {a,}32; converges to a number r (r ~ 0.577216 and is known as the
Euler Mascheroni constant).

Since {ay} is a decreasing sequence with a, > 0 for all n, it converges by Theorem 9.6 in our book (a
bounded sequence that is either increasing or decreasing converges).

7 Quiz 9.2
Evaluate the limit as a number, co or —oco:
(a) limg 0o V2k (D) limy, 00 ln(%) (¢) limy, o0 ;LZ—JF_‘Z

(a) limk_,oo m

Note limg_yoo V2 =1 = limp_ oo ¥k from our examples, so since v/2k = 2 - \’“/E7 we have

lim V2k = lim ¥V2Vk= lim V&  lim ¥2=1
k— oo k— oo

k—o0 k—o0



by properties of finite limits.

(b) limy o0 In(L)

This is the same as lim, o In(z) since lim,_,~, 1/n = 0, and since the natural logarithm is continuous.
Since lim, o Inx = —oo, we have lim,,_,o In(1/n) = —c0

(c) limy,y o0 52

We can ignore the constant terms since as n — oo they make a negligible contribution (in general, with
polynomials, we can ignore lower degree terms in both the numerator and denominator):

Bonus) Find the first 3 digits of (23 cos(%) — 1/2)vV4 — 22 dz
2

Expanding the integrand, we have

/(ac cos( —1/2 V4 —:Czd:l?—/ x3cos(2)\/ —22—1/2v/4 — 22 dz

-2 2

We'll use the properties of function evenness and oddness: f is even if f(—z) = f (z) for all z in the
domain, and f is odd if f(—x) = —f(«) for all z in the domain. If f is even, faa flz)y=2- fo ) dz and

if fisodd, [*, f(z)dz=0.

Note that 2% cos(%)v/4 — 22 is an odd function since it is the product of the even function cos(%)v4 — x2
(since both cos(z/2) and v4 — 22 are even) with the odd function z3. Thus it integrates to zero over the
symmetric interval [—2, 2]

We also know that %\/4 — 22 is an even function, (i.e. so

2
/ \/ 4—22de=2- —%\/4—x2dx:—/ V4 — 22 dz,
0

which is the area of a quarter of the circle of radius 2 (the graph of v/4 — 22 is the semicircle of radius 2 in
the first and second quadrants, centered at the origin). The full area is 722 = 47, so a quarter of this area is 7.

Thus

/2(33 cos( —1/2 WA —a2de =—m

—2
which has first three digits -3.14.



